M. P. Schutzenberger has indicated to the author that the identity [S, p. 208, eqn. 6] used to prove the COROLLARY ON COIN ARRANGE-MENTS of [S] is the same as the identity [H, p. 170; W, p. 156] used to establish the Witt formula for the dimension of the linear space of Lie elements of degree r in a free Lie algebra with k generators over a field of characteristic zero. Since almost no American mathematicians read the Journal of Mathematical Physics and no algebraists do, a special case of the main theorem will be presented here without proof and in a form suitable for the algebraist. From this the Witt formula,
With the Witt identity can be associated the following diagram: a collection of k directed planar loops (h, • • • • , a* having only one vertex P in common as, for example, in Figure 1 . For later purposes it is required that no two loops have a common tangent vector at P. With each circular word w of the kind considered is associated a closed circular path p in a counterclockwise direction (in Figure 1) . Parenthetically, it should be observed that there is a 1-1 correspondence between complete conjugate classes in the free group X and the circular reduced words. Let nf be the number of occurrences of 6 tin the circular reduced word, nj be the number of occurrences of br l in the word, and ni = nf+nr, i=l, 2, • • • , k. If the diagram, such as in Figure 1 , with &'s instead of a's, is fixed, then with each circular reduced word with the same length and period one can associate a closed circular nonperiodic path on the loops with no "immediate reversals." This last means that &*• and bT l are never adjacent. Note that the paths are no longer necessarily one-way. Now with each of the above paths consider the algebraic number of revolutions of the tangent vector. (It should be noted that the rotation of the tangent vector at a corner like P is counted by taking that angle of rotation which is in absolute value less than 7r. For example if in the word bkbr 1 appears then the induced rotation of the tangent vector at P is given by the solid angle rather than the broken line angle in Figure 2 basic remarkable feature about (2) is that a casual inspection of the formal product leads one to expect a formal multivariate power series with integral coefficients, but (2) indicates that the series breaks down to a polynomial with nonnegative integer coefficients. Theorem 1 of [S] is a generalization of (2) from diagrams like Figure 1 and Figure 3 to any planar 1-cycle with sufficient smoothness so that winding numbers can be defined. It constitutes a relation between the fundamental group and the first homology group over the integers mod 2 of this planar 1-cycle. An analogous relation between the two groups for 1-cycles in 3-space might very well crack the long attacked 3-dimensional Ising problem.
Gleason has pointed out that the weights +1, and -1 which occur in (2) both as coefficients of the monomial and in the exponent of the binomial may be supplemented by a weight 0 which is applied to circular reduced words of different length and period. With this formulation (2) may be written with an obvious third factor so the the formal product could be taken over all circular reduced words and the exponents ignored. This gives the formula a more symmetric appearance. Moreover, the weight is a function taking values +1, -1, or 0 on complete conjugate classes of X and so suggests the Möbius function. In the classical case, the domain of the Möbius function is the set of positive integers, but Delsarte has generalized this to where the domain is the set of finite abelian groups and where if the group is cyclic the new Möbius function assumes the same value that the classical Möbius function assumes for the order of the group. The author knows of no "Möbius function" theory with domain the complete conjugate classes of a free group on a finite number of generators.
However, E. P. Wigner in On representations of certain finite groups, American Journal of Mathematics (1941), p. 59 refers to a function of irreducible unitary representations of finite groups. This function is the sum of the characters of the squares of the group elements divided by the order of the group and has range in {l, -1,0}. Since for finite groups there is a one to one correspondence between characters of irreducible unitary representations and complete conjugate classes, this function looks like the weight of this note. However, no useful exploitation of this fact has been made.
A strictly algebraic and nongeometric proof of (2) would be in order when one considers the independence of the N functions on the particular diagram. Such an algebraic proof might shed light on the Ising problem in three dimensions. It was in the hope of stimulating such light that this note was written.
